Abstract. This survey covers some of the results contained in the papers by Costantino, Geer and Patureau [2] and by Blanchet, Costantino, Geer and Patureau [1] . In the first one the authors construct two families of ReshetikhinTuraev-type invariants of 3-manifolds, Nr and N 0 r , using non-semisimple categories of representations of a quantum version of sl 2 at a 2r-th root of unity with r 2. The secondary invariants N 0 r conjecturally extend the original Reshetikhin-Turaev quantum sl 2 invariants. The authors also provide a machinery to produce invariants out of more general ribbon categories which can lack the semisimplicity condition. In the second paper a renormalized version of Nr for r ≡ 0 (mod 4) is extended to a TQFT, and connections with classical invariants such as the Alexander polynomial and the Reidemeister torsion are found. In particular, it is shown that the use of richer categories pays off, as these non-semisimple invariants are strictly finer than the original semisimple ones: indeed they can be used to recover the classification of lens spaces, which Reshetikhin-Turaev invariants could not always distinguish.
Modular categories
A (strict) ribbon category C is a (strict) monoidal category equipped with a braiding c, a twist ϑ and a compatible duality ( * , b, d). We will tacitly assume that all the ribbon categories we consider are strict. The category Rib C of ribbon graphs over C is the ribbon category whose objects are finite sequences (V 1 , ε 1 ), . . . , (V k , ε k ) where V i ∈ Ob(C) and ε i = ±1 and whose morphisms are isotopy classes of Ccolored ribbon graphs which are compatible with sources and targets. Theorem 1.1. If C is a ribbon category then there exists a unique (strict) monoidal functor F : Rib C → C such that (see Figure 1) :
The functor F is the Reshetikhin-Turaev functor associated with C. Remark 1.2. Every Reshetikhin-Turaev functor F yields an invariant of framed oriented links colored with objects of C.
A ribbon Ab-category is a ribbon category C whose sets of morphisms admit abelian group structures which make the composition and the tensor product of morphisms into Z-bilinear maps. Then K := End C (1) becomes a commutative ring called the ground ring of C and all sets of morphisms are naturally endowed with K-module structures (the scalar multiplication being given by tensor products with elements of K on the left).
An object V ∈ Ob(C) is simple if End(V ) K. 3. We will always suppose that all the ribbon Ab-categories we consider have a field K for ground ring.
A semisimple category is a ribbon Ab-category C together with a distinguished set of simple objects Γ(C) := {V i } i∈I such that:
(i ) there exists 0 ∈ I such that V 0 = 1;
(ii ) there exists an involution i → i * of I such that V i * V * i ; (iii ) for all V ∈ Ob(C) there exist i 1 , . . . , i n ∈ I and maps α j : V ij → V , β j : V → V ij such that id V = n j=1 α j β j (we say that the set Γ(C) dominates C); (iv ) for any distinct i, j ∈ I we have Hom C (V i , V j ) = 0.
In a semisimple category we have the following results: Lemma 1.4. For all V, W ∈ Ob(C):
(i ) Hom C (V, W ) is a finite-dimensional K-vector space.
(ii ) Hom C (V i , V ) = 0 for all but a finite number of i ∈ I. (iii ) Hom C (V, W ) i∈I Hom C (V, V i ) ⊗ K Hom C (V i , W ) where the inverse isomorphism is given by f ⊗ g → g • f on direct summands. (iv ) the K-bilinear pairing Hom C (V, W ) ⊗ K Hom C (W, V ) → K given by f ⊗ g → tr C (g • f ) is non-degenerate. 
But now we have
δ k h · id Vi = dim C (V i ) (f i ) h • (g i ) k = dim C (V i ) (f i ) h • id V • (g i ) k = dim C (V i ) −1 (λ i ) k h · id Vi . Therefore (1) id V = i∈I ni j=1 dim C (V i ) · (g i ) j • (f i ) j .
Equation 1 is called the fusion formula.
A premodular category is a semisimple category (C, Γ(C)) such that Γ(C) is finite.
A modular category is a premodular category (C, Γ(C) = {V i } i∈I ) such that the matrix S = (F (S ij )) i,j∈I with S ij given by Figure 2 is invertible. 
The Reshetikhin-Turaev invariants
The construction of Reshetikhin and Turaev associates with every premodular category C an invariant τ C of 3-manifolds (which will always be assumed to be closed and oriented) provided C satisfies some non-degeneracy condition. Let us outline the general procedure in this context: let C be a premodular category, let F : Rib C → C be the associated Reshetikhin-Turaev functor and let Ω be the associated Kirby color
It is known that every 3-manifold M 3 can be obtained by surgery along some framed link L inside S 3 (we write S 3 (L) for the result of this operation) and that two framed links yield the same 3-manifold if and only if they can be related by a finite sequence of Kirby moves. Therefore, in order to find an invariant of 3-manifolds, we can look for an invariant of framed links which remains unchanged under Kirby moves. For example let L ⊂ S 3 be a framed link giving a surgery presentation for M 3 and let L(Ω) denote the C-colored ribbon graph obtained by assigning to each component an arbitrary orientation and the Kirby color Ω. Then by evaluating F on L(Ω) we get a number in K and, thanks to the closure (up to isomorphism) of Γ(C) under duality, we can prove that F ( L(Ω)) is actually independent of the chosen orientation for L. Therefore we have a number F (L(Ω)) ∈ K which depends only on the link L giving a surgery presentation for M . Let us see its behaviour under Kirby moves. Proposition 2.1 (Slide). Let (C, Γ(C)) be a pre-modular category and let T be a C-colored ribbon graph. If T is a C-colored ribbon graph obtained from T by performing a slide of an arc e ⊂ T over a circle component
This result crucially relies on the semisimplicity of C, which enables us to establish the fusion formula 1, and on the finiteness of Γ(C), which enables us to define Kirby colors. Now let us turn our attention towards blow-ups and blow-downs. Let ∆ ± denote the image under
. At the same time we have that the positive and negative signatures of the linking matrices of L and L satisfy
Therefore we are tempted to consider the ratio
which is invariant under all Kirby moves. In order to be able to do so we must require from the premodular category C the following:
Therefore, let C be a premodular category satisfying Condition 1 and let (M, T ) be a pair consisting of a 3-manifold M and a closed C-colored ribbon graph T ⊂ M . If L ⊂ S 3 is any framed link yielding a surgery presentation for M and Γ T is a Ccolored ribbon graph in S 3 L representing T then the Reshetikhin-Turaev invariant associated with C is The most famous example of this construction, which yields the original invariants defined by Reshetikhin and Turaev, is obtained by considering a representation category of a quantum version of sl 2 at a root of unity. Let us recall the construction: fix an integer r 2, set q := e π r i and consider the quantum group U q (sl 2 ) generated (as a unital C-algebra) by E, F, K, K −1 with relations
and with comultiplication, counit and antipode given by
A representation of U q (sl 2 ) is a weight representation, or a weight U q (sl 2 )-module, if it splits as a direct sum of eigenspaces for the action of K. The Hopf algebra structure on U q (sl 2 ) endows the category U q (sl 2 )-mod of finite-dimensional weight representations of the quantum group U q (sl 2 ) with a natural monoidal structure and a compatible duality. Now letŪ q (sl 2 ) denote the quantum group obtained from U q (sl 2 ) by adding the relation K 2r = 1. This condition forces all weights (eigenvalues for the action of K) to be integer powers of q for all representations of U q (sl 2 ). Therefore we can consider the operator q H⊗H/2 defined on V ⊗ W for all weightŪ q (sl 2 )-modules V and W by the following rule: for all m ∈ Z and define
for all n ∈ N. Consider the operator R defined on V ⊗ W for all weightŪ q (sl 2 )-modules V and W as
Finally consider the operator q −H 2 /2 determined on each weightŪ q (sl 2 )-module V by the rule
define the operator u as
and set v := K r−1 u. Then the categoryŪ q (sl 2 )-mod of finite dimensional weight representations ofŪ q (sl 2 ) can be made into a ribbon Ab-category by considering the compatible braidings and twists given by
where τ is the K-linear map switching the two factors of the tensor product. MoreoverŪ q (sl 2 )-mod is quasi-dominated by a finite number of simple modules, and thus it can be made into a modular category by quotienting negligible morphisms. The invariant we obtain is denoted τ r .
Relative G-premodular categories
To motivate the construction of non-semisimple invariants, let us consider the following different quantization of sl 2 : let U H q (sl 2 ) denote the quantum group obtained by adding to U q (sl 2 ) the additional generator H satisfying the following relations:
Remark 3.1. The new generator H should be thought of as a logarithm of K and, even though we will not require the relation to hold true at the quantum group level, we will restrict ourselves to representations where it is satisfied.
The category U H q (sl 2 )-mod of finite-dimensional weight representations of the quantum group U H q (sl 2 ) where K acts like the operator q H can be made into a ribbon Ab-category by means of the same R-matrix and ribbon element used for [3] for details). If we could put this richer category into the Reshetikhin-Turaev machinery we would perhaps find more refined 3-manifold invariants. It is indeed the case, but we need to face (among other things) the following obstructions:
(i ) every typical module has zero quantum dimension; (ii ) we cannot quotient negligible morphisms as this would kill all typical modules, and thus we are forced to work with a non-semisimple category; (iii ) typical modules are pairwise non-isomorphic, and therefore we have to deal with infinitely many isomorphism classes of simple objects.
Let us see how we can work around these obstacles. The idea is to generalize the Reshetikhin-Turaev construction to more general ribbon Ab-categories which have the previous set of obstructions.
Facing obstruction (i ): Modified quantum dimension. To begin with let us take care of the vanishing quantum dimension problem. The strategy will be to use categories C which admit a modified dimension which does not vanish. In order to do so we need an ambidextrous pair (A, d), that is the given of a set of simple objects A ⊂ Ob(C) and a map d : A → K * with the following property: if T is an A-graph, i.e. a closed C-colored ribbon graph admitting at least one color in A, if e ⊂ T is an arc colored by V ∈ A and if T e denotes the element of End Rib C ((V, +)) obtained by cutting open T at e, then
is independent of the chosen A-colored arc e (here T e denotes the unique element of K such that F (T e ) = T e · id V ). 
Facing obstruction (ii ): G-grading relative to X. Moving on to the subject of semisimplicity, we will ask our categories to have a distinguished family of semisimple full subcategories arranged into a grading, i.e. indicized by an abelian group G in such a way that the tensor product respects the group operation. The aim of course is to work as much as possible in the graded semisimple part of the category and to leave aside the non-semisimple part.
Definition 3.5. Let C be a ribbon Ab-category. A full subcategory C of C is said to be semisimple inside C if it is dominated by a set Γ(C ) of simple objects of C such that for any distinct V, W ∈ Γ(C ) we have Hom C (V, W ) = 0.
Remark 3.6. We do not ask of Γ(C ) to contain 1 nor to be closed under duality up to isomorphism. In particular it may very well happen that the quantum dimension of a simple object of C is zero.
Definition 3.7. We will say that a subset X of an abelian group G is small if G cannot be covered by any finite union of translated copies of X, i.e. if there exists no choice of
Let G be an abelian group and let X ⊂ G be a small subset. A family of full subcategories {C g } g∈G of a ribbon Ab-category category C gives a G-grading relative to X for C if:
The elements of g which are not contained in X are called generic and a subcategory C g indicized by a generic g is called a generic subcategory. A category C with a G-grading relative to X will be called a G-graded category for the sake of brevity.
Example 3.8. In the category U H q (sl 2 )-mod considered before we have a relative G-grading too. Indeed we can take G = C/2Z, X = Z/2Z and set Cᾱ equal to the full subcategory of modules whose weights are all congruent to α modulo 2. Then every Cᾱ with α not integer is semisimple insideŪ q (sl 2 )-mod, being dominated by the typical modules it contains.
Facing obstruction (iii ): Periodicity group. Finally, for the finiteness issue, we will proceed as follows: for a G-graded category C we will ask the sets of isomorphism classes of simple objects of all generic subcategories to be finitely partitioned in a way we can control. Definition 3.9. A set C ⊂ Ob(C) of objects of a ribbon Ab-category is a commutative family if the braiding and the twist are trivial on C, i.e. if we have
Definition 3.10. Let Z be an abelian group and C be a ribbon Ab-category. A realization of Z in C is a commutative family {ε t } t∈Z satisfying
Any free realization of Z gives isomorphisms between the K-vector spaces of morphisms Hom C (V, W ) and Hom C (V ⊗ε t , W ⊗ε t ) for all choices of V, W ∈ Ob(C) and t ∈ Z. Indeed the inverse of the map f → f ⊗ id ε t is simply given by g → g ⊗ id ε −t . Therefore if V is simple then V ⊗ ε t is simple too for all t ∈ Z. Thus any realization of Z induces an action of Z on (isomorphism classes of) objects of C given by the tensor product on the right with ε t . Such a realization is free if this action is free.
Definition 3.11. An abelian group Z is the periodicity group of the G-graded category C if there exists a free realization of Z in C 0 whose action on Γ(C g ) has a finite number of orbits for all g ∈ G X.
In this case there exists some finite set of representatives of Z-orbits O(C g ) ⊂ Γ(C g ) for all generic g such that each simple module in Γ(C g ) is isomorphic to some tensor product W ⊗ ε t for W ∈ O(C g ) and t ∈ Z.
Example 3.12. Once again the category U H q (sl 2 )-mod considered before gives us an instance of this structure. Namely the periodicity group is Z = Z and its free realization in C0 is given by a 1-dimensional module ε t for every t ∈ Z which is spanned by the non-zero vector v t such that Ev t = F v t = 0 and Hv t = 2rtv t .
The categories which will allow us to extend the Reshetikhin-Turaev construction to the non-semisimple case admit all of the structures we just introduced.
where C is a G-graded category with modified dimension d and periodicity group Z satisfying the following compatibility conditions:
ε t ,V for all V ∈ Ob(C g ), t ∈ Z and for some Z-bilinear pairing ψ : G × Z → K * (see Figure 3) .
Example 3.14. U H q (sl 2 )-mod is a relative C/Z-premodular category as it can be shown that a skein relation like the one required in condition (ii ) of the previous definition holds. 
Construction of non-semisimple invariants
We are ready to sketch a construction analogous to the one of Reshetikhin and Turaev which associates with each relative G-premodular category C an invariant of 3-manifolds provided C satisfies some non-degeneracy conditions. The idea will be to use the modified invariant F as a basis for this construction exactly as the functor F was used as a basis for the standard case. Remember however that in order to compute F on a C-colored ribbon graph T we will need to make sure that T is actually an A-graph.
Let us fix a relative G-premodular category C. The first thing we did in the construction of Reshetikhin-Turaev invariants was to color a framed link giving a surgery presentation for a 3-manifold M with the Kirby color Ω associated with some premodular category. Now, in C we do not have the concept of a Kirby color, but we can define an infinite family of modified Kirby colors.
Indeed if g ∈ G is generic then the formal sum
is a modified Kirby color of degree g.
Remark 4.1. It can be easily proved using the properties of the periodicity group Z that the modified dimension d factorizes through a map defined on Z-orbits on all generic subcategories, i.e. we have d(W ⊗ ε t ) = d(W ) for all W ∈ O(C g ) and all t ∈ Z. In particular the coefficients in the formal sum Ω g are independent of the choice of the representatives of Z-orbits in Γ(C g ). Of course W and W ⊗ ε t are not isomorphic if t = 0 but we will see that under certain circumstances this choice will not affect the value of F .
Since we defined an infinite family of modified Kirby colors it is not clear which one should be used to color the components of a surgery link L for M 3 . The right choice is to let the coloring be determined by a cohomology class
which is compatible with the C-coloring which is already present on T .
Definition 4.2. Let T be a C-colored ribbon graph inside M and ω be an element of H 1 (M T ; G). For every arc e ⊂ T let µ e denote the homology class of a positive meridian around e. The triple (M, T, ω) is compatible if the color of e is an object of C ω,µe .
We will now look for an invariant of compatible triples (M, T, ω), where two triples (M i , T i , ω i ) for i = 1, 2 are considered to be equivalent if there exists an orientation preserving diffeomorphism f : M 1 → M 2 such that f (T 1 ) = T 2 as C-colored ribbon graphs and f * (ω 2 ) = ω 1 .
Remark 4.3. We will have to be more careful and to keep track of the (isotopy class of the) diffeomorphism induced by each Kirby move.
The idea is to color each component L i of a surgery link L with a modified Kirby color whose degree is determined by the evaluation ω, µ i , where µ i denotes the homology class corresponding to a positive meridian of L i . Thus, since modified Kirby colors are defined only for generic degrees, not all surgery presentations can be used to define the new invariant. (ii ) L = ∅ and T is an A-graph.
If L is a link yielding a computable surgery presentation for a compatible triple (M, T, ω) and we denote by
Remark 4.5. It can be shown that a sufficient condition for the existence of a computable surgery presentation for a compatible triple (M, T, ω) is that the image of ω is not entirely contained in the critical set X (when we regard ω as a map from H 1 (M T ) to G).
Let us see what happens when we perform Kirby moves. Definition 4.6. Let T be a ribbon graph. A G-coloring for T is a homology class ϕ ∈ H 1 (T ; G). A C-coloring on T is ϕ-compatible if for all arc e ⊂ T the color of e is an element of C g(e) with e⊂T g(e) · e = ϕ.
Remark 4.7. Every cohomology class
Definition 4.8. Let T ⊂ S 3 be a ϕ-compatible C-colored ribbon graph for some ϕ ∈ H 1 (T ; G) and let K ⊂ S 3 T be a framed knot. Then the G-linking number between K and ϕ is defined as
where :
is the intersection form with G coefficients, N (K) is a tubular neighborhood of K disjoint from T , Σ K is a Seifert surface for a parallel copy of K determined by the framing and ι : T → S 3 N (K) denotes inclusion.
Remark 4.9. It can be shown that if L ⊂ S 3 is a computable surgery presentation for the compatible triple (M, T, ω) and if
Proposition 4.10 (Slide). Let T be a ϕ-compatible A-graph, let e ⊂ T be an arc colored by V ∈ Ob(C g ) and let K ⊂ T be a knot component colored by Ω h for some generic h ∈ G. Suppose that g + h is generic too and that k G (K , ϕ) = 0 where K is a parallel copy of K determined by the framing. If T is an A-graph obtained from T by sliding e along K and switching the color of K to Ω g+h (like in Figure  4 ) then F (T ) = F (T ). To prove this proposition we need to establish a fusion formula (which can be done in the semisimple part of C exactly as before) and to use the skein-type relation in the definition of C in order to handle closed components colored with ε t for t ∈ Z. The color of K changes because V ⊗ W is an object of C g+h for all
For what concerns blow-ups and blow-downs, we cannot compute F directly on a detached ±1-framed unknot as such a component should be colored with the modified Kirby color of degree 0 and it may very well happen that 0 ∈ X (which is the case in our previous example). Remark 4.12. The operation of blowing up a positive meridian of an arc in a ribbon graph T can replace the operation of blowing up an isolated unknotted componend provided T is non-empty. This is always the case for computable surgery presentations since there is always at least one arc colored in A.
Thus what we need in order to be able to define the invariant is once again to ask the condition ∆ + ·∆ − = 0. However, this time we need also another non-degeneracy condition which allows us to perform an operation called H-stabilization which is (
Now we can state our result.
Theorem 4.13. Let C be a relative G-premodular category satisfying the nondegeneracy Condition 2. Let L be a framed link giving a computable surgery presentation for a compatible triple (M, T, ω) and let Γ T be a C-colored ribbon graph inside S 3 L representing T . Then
is a well-defined invariant of (M, T, ω).
Remark 4.14. When C = U H q (sl 2 )-mod with q = e πi r we write N r instead of N U H q (sl2)−mod . The subtlety in the proof of this result is the following: if we have two different computable surgery presentations L and L it may happen that the sequence of Kirby moves connecting them passes through some non-computable presentation. What we have to prove is that, up to passing to a different sequence of Kirby moves, we can make sure to get a computable presentation at each intermediate step.
This turns out to be true, but we have to allow for an operation, called Hstabilization, which modifies the triple (M, T, ω) and which is defined as follows: let e ⊂ T be an arc colored by W ∈ A, let α be a positive 0-framed meridian of e disjoint from T and colored by V ∈ Γ(C g ) for some generic g and let D 2 ⊂ S 3 be a disc intersecting e once and satisfying ∂D 2 = α. Now let T H denote the A-graph T ∪ α and let ω H be the cohomology class coinciding with ω on homology classes contained in M (T ∪ D 2 ) and satisfying ω H , µ α = g where µ α is the homology class of a positive meridian of α. Then the compatible triple (M, T H , ω H ) is said to be obtained by H-stabilization of degree g from (M, T, ω), and α is called the
Returning to the proof of the Theorem, we split the argument into three steps: we begin by first proving the result in the case that T itself is an A-graph, that the initial and final surgery presentations are the same and that the sequence of Kirby moves involves only isotopies of Γ T inside S 3 (L), i.e. slides of arcs of Γ T over components of L (we call this sequence of moves an isotopy inside S 3 (L)). This case can be easily treated by performing a single H-stabilization on (M, T, ω) whose degree is sufficiently generic. Indeed if we slide a stabilizing meridian on some component L j of the computable link L which is colored by Ω hj we change the color of L j , provided the degree g of the H-stabilization satisfies g +h j ∈ G X. This would impose a condition on the choice of the degree, but there surely exists a g ∈ G which satisfies it because X is small. More generally, if C ⊂ G denotes the finite set of (degrees of) colors appearing on L during the sequence of slides, we can choose the degree g of the H-stabilization in such a way that (g + C) ∩ X = ∅. Thus, we can begin by sliding the stabilizing meridian α over all components of L, then we can follow the original sequence of Kirby moves and finally we can slide back α to its original position. What we will get is an equality of the form
for some V, W ∈ A, which proves the first step. The second step consists in proving the Theorem when T is an A-graph. In this case, if
is our sequence of Kirby moves, we perform an H-stabilization for each Kirby move s h which makes some non-generic color appear. If s h is a non-admissible slide over some component L h−1 j we precede it by a slide of the corresponding stabilizing meridian α h over L h−1 j
. If s h is a non-admissible blow-up around some arc we perform it on the corresponding stabilizing meridian α h instead and then we slide the arc over the newly created component. All degrees can be chosen so to adjust all colors, and the use of different stabilizations ensures the independence of the conditions. The tricky point is that a move s which in the original sequence was a blow-down of a ±1-framed meridian of some arc or link component may now have become the blow-down of a component which is also linked to some of the stabilizing meridians we added. In this case, though, we can slide all these stabilizing meridians off, and this operation is an isotopy inside S 3 (L −1 ). Remark that the configuration we get at this point is not necessarily admissible, but problems can arise only for blow-downs of meridians of arcs in Γ −1 T . Thus in this case we can perform a new H-stabilization, slide the arc off and slide the new stabilizing meridian over. This operation is yet another isotopy inside S 3 (L −1 ) which yields a computable presentation. Therefore, thanks to the first step, the invariant does not change. In the end we get the original final presentation plus some stabilizing meridian linked to the rest of the graph. All these meridians can be slid back to their initial positions, and once again this operation is an isotopy inside S 3 (L ).
The third step is the general case: now what we have to do is to blow-up two meridians of a component of L in such a way that its framing does not change. Then we can consider these new curves as part of T , falling back into the previous case, we can prove that we can undo our initial operation and that the result is not affected by our changes.
Extension to all compatible triples. There exist of course compatible triples which do not admit computable presentations. In order to include also this case in the construction we can build a second invariant N 0 C which is defined for all compatible triples.
Remark 4.15. In categories where the quantum dimension of the objects of A is always zero (such as the categories in our example) this second invariant will vanish on all triples which admit computable presentations. Therefore in this case one should continue to use N C to get topological informations.
For the definition of N 0 C we will need the concept of connected sum of compatible triples. Let (M 1 , T 1 , ω 1 ) and (M 2 , T 2 , ω 2 ) be two compatible triples, let M 3 = M 1 #M 2 be the connected sum along balls B i inside M i T i for i = 1, 2 and set T 3 = T 1 T 2 . Then we have the chain of isomorphisms
where the first one is induced by a Mayer-Vietoris sequence and the second one comes from excision. These maps induce an isomorphism
Finally let ω 3 be the unique element of H 1 (M 3 T 3 ; G) which restricts to ω i on H 1 (M i T i ; G) for i = 1, 2 via the previous isomorphism. The connected sum of (M 1 , T 1 , ω 1 ) and (M 2 , T 2 , ω 2 ) is defined as (M 3 , T 3 , ω 3 ). Now if the compatible triple (M, T, ω) does not admit any computable presentation consider the triple (S 3 , u V , ω V ) where u V is a 0-framed unknot in S 3 colored by V ∈ A and ω V is the unique cohomology class in H 1 (S 3 u V ; G) which makes the previous triple into a compatible one. Then we can define N For the special case r = 2 we have that q = i and the modified A-graph invariant F associated with the category U H i (sl 2 )-mod can be related to the multivariable Alexander polynomial. This fact, which was first observed by Murakami in [7] , is exposed in detail in Viro's paper [11] . He defines an Alexander invariant ∆ 2 for oriented trivalent graphs equipped with the following additional structure:
(i ) a half-integer framing (half-twists are allowed too); (ii ) a coloring with typical U H i (sl 2 )-modules satisfying a condition like the ones shown in Figure 6 around each vertex; (iii ) a cyclic ordering of the (germs of the) edges around each vertex. for j = 0, 1. Moreover, every time α, β, γ ∈ C (2Z + 1) satisfy α + β + γ = ±1, we can consider the morphism W α,β,γ : C → V α ⊗ V β ⊗ V γ mapping 1 to
where the coefficients C α,β,γ j,k,h are derived from the Clebsch-Gordan quantum coefficients (compare with [4] ) and are defined as
Then we can construct T Γ by replacing each edge of Γ which is not a connected component as shown in Figure 7 .(a) and each trivalent vertex of Γ as shown in Figure 7 .(b).
where v is the number of vertices of Γ and ← − Γ is obtained from Γ by inverting the orientation on each edge.
This result is obtained by checking that the two expressions coincide for a set of elementary graphs (the trivial one, the Θ-graph and the tetrahedron graph) Figure 7 . C-colored ribbon graph T Γ obtained from trivalent graph Γ and by checking that they both satisfy the same set of relations which reduce the computation for an arbitrary graph to elementary ones (see [2] and [1] for details).
If L = L 1 . . . L m is an oriented colored framed link whose j-th component L j is colored with the typical module V αj then Viro shows that
where ∇ L is the Alexander-Conway function of L. Therefore, if the framing is integral, Proposition 5.1 immediately gives
Now since C1 is semisimple inside U H i (sl 2 )-mod we can take the critical set X ⊂ C/2Z to be just {0}. Therefore, thanks to Remark 4.5, every triple of the form (M, ∅, ω) with ω = 0 is compatible and admits a computable presentation. In particular some computation (compare with [1] ) yields
where L = L 1 . . . L m is a surgery presentation for M and α j := ω, µ j . Thus N 2 recovers the Alexander-Conway function, which is known to be related to the Reidemeister torsion. Moreover N 2 yields a canonical normalization of the Reidemeister torsion which fixes the scalar indeterminacy. Indeed recall that the refined abelian Reidemeister torsion of M defined by Turaev (see [9] for example) is determined by the choice of a homomorphism ϕ : H 1 (M ) → C * , of a homology orientation ω M for M and of a Spin c -structure σ ∈ Spin c (M ) (or equivalently of an Euler structure on M ). We write τ ϕ (M, ω M , σ) or, if M is oriented and we pick the canonical homology orientation associated with the orientation of M , simply τ ϕ (M, σ). Now, if (M, ∅, ω) is a compatible triple as above, we can use the nonzero cohomology class ω to define the homomorphism ϕ ω : H 1 (M ) → C * given by h → e iπ ω,h = i 2 ω,h .
Theorem 5.2. Let M be a closed oriented 3-manifold endowed with a non-trivial cohomology class ω ∈ H 1 (M ; C/2Z). Then for any complex spin structure σ in This is proven by using the surgery formula for the Reidemeister torsion (see [9] , section VIII. where α j := ω, µ j and k 1 , . . . , k m are the charges of the Spin c -structure σ (see [9] , section VII.2.2 for a definition).
We conclude with a Proposition which gives the value of N 2 for lens spaces and can be used to follow the path of the classical proof of their classification. Proposition 5.3. Let p > q > 0 be two coprime integers, let L(p, q) be a lens space and consider a non zero cohomology class ω ∈ H 1 (L(p, q); C/2Z). Then 
